
 

A-Level Unit Test 1: Integration 
 

 

1. Find the exact value of 𝑦 = 2 −
1

2
𝑒𝑥 when is bound by x = 0 and x = ln 2 (3) 

 

2a. Sketch the curve y = ex − a where a is a constant and a > 1. (4) 

Show on your sketch the coordinates of any points of intersection with the coordinate axes and the equation of any 

asymptotes. 

b. Find, in terms of a, the area of the finite region bounded by the curve y = ex − a and the coordinate axes. (2) 

c. Given that the area of this region is 1 + a, show that a = e2. (3) 

 

3. The diagram shows part of the curve with equation y = 
12

(2𝑥+1)3.  

 

 

 

 

 

 

 

Find the area of the shaded region bounded by the curve, the coordinate axes and the line x = 1.  (5)  

 

4. Integrate 
3𝑥2−5

𝑥2−1
 with respect to x  (7) 

 

5. Find the exact value of ∫
2𝑥2−7𝑥+7

𝑥2−2𝑥−3
𝑑𝑥

2

0
 (8) 

 

6. Evaluate ∫
3

2𝑥2−8
𝑑𝑥

1

0
 (3)  

 

7. Integrate cos (2x – 1) with respect to x.  (2) 

 

8. Integrate cosec
1

4
𝑥 cot 

1

4
𝑥 with respect to x.  (2)  

 

9. Evaluate ∫ sin 2𝑥 𝑑𝑥
𝜋

2
0

 (3)  

 

10. Evaluate ∫ 𝑠𝑒𝑐23𝑥 𝑑𝑥
𝜋

3
𝜋

4

 (3) 

 

11a. Express 𝑡𝑎𝑛2𝑥 in terms of sec x.  (1) 

b. Show that ∫ 𝑡𝑎𝑛2𝑥 𝑑𝑥 = tan 𝑥 − 𝑥 + 𝑐 (2)  

 

12. Find ∫ sin 𝑥 cos 𝑥  𝑑𝑥 (2)  

 

13. Find ∫(sec 𝑥 − tan 𝑥)2 𝑑𝑥 (3)  

 

14. Evaluate ∫
cos 2𝑥

𝑠𝑖𝑛22𝑥
 𝑑𝑥

𝜋

4
𝜋

6

 (4)  

15. Evaluate ∫ (1 − 2 sin 𝑥)2 𝑑𝑥
𝜋

4
0

 (4)  

 

 

 

Total marks: 60 



 

 

Mark Scheme 

1.  

∫ 2 −
1

2
𝑒𝑥 𝑑𝑥

ln 2

0
 = [2x – 

1

2
𝑒𝑥]

ln 2
0

 M1 

= (2 ln 2 – 1) – (0 – ½ )  M1 

= 2 ln 2 - 
1

2
 M1 

 

2a.  

 

Shape M1 

Intercepts M1 M1  

Asymptotes M1 

 

 

 
 

 

 

 

2b.  

-∫ (𝑒^𝑥 − 𝑎)
ln 𝑎

0
𝑑𝑥 =  −[𝑒x – ax]

ln 𝑎
0

 M1 

= -[(a – a ln a) – (1 – 0)] = 1 – a + a ln a M1 

 

2c.  

1 – a + a ln a = 1 + a  M1 

a ln a = 2a 

ln a = 2 
M1 

a = e2 M1 

 

3.  

∫ 12(2𝑥 + 1)−3 𝑑𝑥
1

0
  M1 

= [
1

2
× (−6)(2𝑥 + 1)−2]

1
0

 M1 

= [
−3

(2𝑥+1)2] 
1
0

 M1 

= −
1

3
− (−3) M1 

= 
8

3
 M1 

 

4.  
3𝑥2−5

𝑥2−1
 = A + 

𝐵

𝑥+1
+

𝐶

𝑥−1
 M1 

3𝑥2 − 5 = A(x + 1)(x – 1) + B(x – 1) + C(x + 1)  M1 

Let x = -1 

-2 = -2B 

B = 1 

M1 

Let x = 1 

-2 = 2C 

C = -1 

M1 

Coefficients of x2,  

A = 3 
M1 

∫
3𝑥2−5

𝑥2−1
𝑑𝑥 =  ∫ 3 + 

1

𝑥+1
−

3

𝑥−1
 𝑑𝑥  M1 

= 3x + ln |𝑥 + 1| − ln|𝑥 − 1| + 𝑐  M1 

 

y 

O 
(0, 1 − a) 

(ln a, 0) x 

y = −a 



 

5.  
2𝑥2−7𝑥+7

𝑥2−2𝑥−3
= 𝐴 +

𝐵

𝑥−3
+

𝐶

𝑥+1
   M1 

2𝑥2 − 7𝑥 + 7 = A(x – 3)(x + 1) + B(x + 1) + C(x – 3) M1 

Let x = 3,  

4 = 4B 

B = 1 

M1 

Let x = -1,  

16 = -4C 

C = -4  

M1 

Coefficients of x2,  

A = 2 
M1 

∫
2𝑥2−7𝑥+7

𝑥2−2𝑥−3
 𝑑𝑥  

2

0
=  ∫ 2 +

1

𝑥−3
−

4

𝑥+1
  

2

0
dx M1 

= [2x + ln |𝑥 − 3| − 4 ln |𝑥 + 1|]
2
0

 M1 

= (4 + 0 – 4 ln 3) - (0 + ln 3 – 0) 

= 4 – 5 ln 3 
M1 

 

6.  

∫
3

2𝑥2−8
𝑑𝑥

1

0
  

= 
3

2
[

1

4
ln |

𝑥−2

𝑥+2
|]

1
0

 
M1 

= 
3

8
(ln

1

3
− 0) M1 

= −
3

8
ln 3 M1 

 

7.  

∫ cos (2𝑥 –  1) d𝑥 = ½ sin(2x – 1) + c M1 M1 

 

8.  

∫ cosec
1

4
𝑥 cot 

1

4
𝑥  d𝑥 = -4cosec ¼ x + c M1 M1 

9.  

∫ sin 2𝑥 𝑑𝑥
𝜋

2
0

= [−
1

2
cos 2𝑥]

𝜋

6

0
 M1 M1 

= 
1

4
− (−

1

2
) =

1

4
 M1 

 

10.  

∫ 𝑠𝑒𝑐23𝑥 𝑑𝑥
𝜋

3
𝜋

4

= [
1

3
tan 3𝑥]

𝜋

3
𝜋

4

 M1 M1 

= 0 − (−
1

3
) =

1

3
 M1 

 

11a.  

𝑡𝑎𝑛2𝑥 =  𝑠𝑒𝑐2𝑥 − 1  M1 

 

11b.  

∫ 𝑡𝑎𝑛2𝑥 𝑑𝑥 = ∫ 𝑠𝑒𝑐2𝑥 − 1 𝑑𝑥 = tan x – x + c M1 M1 

 

12.  

∫ sin 𝑥 cos 𝑥  𝑑𝑥 = ∫
1

2
sin 2𝑥 𝑑𝑥 M1 

= −
1

4
cos 2𝑥 + 𝑐 M1 

 



 

13.  

∫(sec 𝑥 − tan 𝑥)2 𝑑𝑥 = ∫(𝑠𝑒𝑐2𝑥 − 2 sec 𝑥 tan 𝑥 +  𝑡𝑎𝑛2𝑥) 𝑑𝑥 M1 

= ∫(𝑠𝑒𝑐2𝑥 − 2 sec 𝑥 tan 𝑥 + 𝑠𝑒𝑐2𝑥 − 1) 𝑑𝑥 

= ∫(2𝑠𝑒𝑐2𝑥 − 2 sec 𝑥 tan 𝑥 − 1) 𝑑𝑥 
M1 

= 2 tan x – 2 sec x – x + c M1 

 

14.  

∫
cos 2𝑥

𝑠𝑖𝑛22𝑥
 𝑑𝑥

𝜋

4
𝜋

6

 = ∫
1

𝑠𝑖𝑛 2𝑥
×

cos 2𝑥

sin 2𝑥
 𝑑𝑥

𝜋

4
𝜋

6

 M1 

= ∫ 𝑐𝑜𝑠𝑒𝑐 2𝑥 cot 2𝑥  𝑑𝑥
𝜋

4
𝜋

6

 M1 

= [−
1

2
𝑐𝑜𝑠𝑒𝑐 2𝑥]

𝜋

4
𝜋

6

 M1 

= -
1

2
− (−

1

√3
) = 

1

3
√3 - 

1

2
 M1 

 

15. 

∫ (1 − 2 sin 𝑥)2 𝑑𝑥
𝜋

4
0

 = ∫  (1 − 4 sin 𝑥 + 4𝑠𝑖𝑛22𝑥) 𝑑𝑥
𝜋

4
0

 M1 

= ∫  
𝜋

4
0

[1 – 4 sin x + 2(1 – cos 2x)] dx 

= ∫  
𝜋

4
0

(3 − 4 sin 𝑥 − 2 cos 2𝑥) 𝑑𝑥 
M1 

= [3x + 4 cos x – sin 2x]

𝜋

4

0
 M1 

=(
3𝜋

4
+ 2√2 − 1) − (0 + 4 − 0)  

= 
3𝜋

4
 + 2√2 - 5 

M1 

 


