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A-Level Gnit Test 1: integration e
1. Find the exact value of y = 2 — %ex when is bound by x =0and x =1In 2 3
2a. Sketch the curve y = e* — a where a is a constant and a > 1. 4)

Show on your sketch the coordinates of any points of intersection with the coordinate axes and the equation of any
asymptotes.

b. Find, in terms of a, the area of the finite region bounded by the curve y = ex — a and the coordinate axes. (2)
c. Given that the area of this region is 1 + a, show that a = 2, 3)

12
(2x+1)3"

3. The diagram shows part of the curve with equation y =

VA

g
X

@]

Find the area of the shaded region bounded by the curve, the coordinate axes and the line x = 1. (5)
3x%-5 .
4. Integrate =1 with respect to x (7)
. 2 2x%-7x+7
5. Find the exact value of | Sy dx (8)
6. Evaluate [ Y2 dx (3)
' 0 2x2-8
7. Integrate cos (2x — 1) with respect to x. 2
8. Integrate cosec%x cot ix with respect to x. (2)
9. Evaluate [ sin 2x dx (3)
10. Evaluate ffseczl%x dx (3)
4
11a. Express tan®x in terms of sec x. 1)
b. Show that [ tan®x dx = tanx — x + ¢ 2)
12. Find [ sinx cos x dx (2)
13. Find [(secx — tanx)? dx (3)
z CcoSs 2x
14. Evaluate fg“ sy dx (4)
15. Evaluate [#(1 — 2sinx)* dx 4)

Total marks: 60




Mark Scheme

1.
In2, 1 ., ., _ 1 _,xqIn2
Jo “2—5e¥dx=[2x—3e”] 0 M1
=(2In2-1)_(0_%) M1
=21In2 % M1
2a.
Shape M1 Yy A
Intercepts M1 M1 /
Asymptotes M1 >
) (Ina, 0) x
0,1-4a)
] y=-a
2b.
-f(:na(e"x —a)dx = —[e*— ax]lrz)a M1
=-[@—alna)—-(1-0)]=1-a+alna M1
2cC.
l-a+alna=1+a M1
aln ﬁz 2a M1
Ina=2
a=e’ M1
3.
[, 12(2x + 1)~% dx M1
=2 x (—6)(2x + 1)-2](1) M1
_ -3 1
B [(2x+1)2] 0 M1
=—2—(-3) M1
=2 M1
3
4,
39622-5=A+L+L M1
x<—=1 x+1 x—1
3x2 =5=AX+1D(x-1)+B(x-1)+C(x +1) M1
Letx=-1
-2=-2B M1
B=1
Letx=1
-2=2C M1
C=-1
Coefficients of x?,
A=3 M1
3x2-5 1 3
fxz_ldx—f3+m—;dx M1
=3x+In|x+ 1| —In|lx — 1|+ ¢ M1

%
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5

.29622—7x+7:A+L+L M1
X<“—2x-3 x—=3 x+1
2x2 = 7x+7=Ax-3)(x+1)+B(x+1)+C(x-3) M1
Letx=3,
4=4B M1
B=1
Letx=-1,
16 =-4C M1
C=-+4
- 2
gt);el;f|0|ents of x7, M1
2 2x%-7x+7 _ (2 1 4
Jo Fompema 9% = Lo 24— O M1
:[2x+|n|x—3|—4|n|x+1|]g M1
—@4+0-4In3)-(0+In3-0)
=4-5In3 M1
6.
1 3
Jo g X M1
—E[l n|ﬂ|] 1
"2l xs2ld
-3mni_
=3(Int-0) M1
=—3In3 M1
8
1.
| [cos (2x - 1) dx = ¥%sin(2x—1) + ¢ (M1 M1
8.
fcosecix cotix dx =-4cosec Yax + C M1 M1
9.
v T
JZsin2x dx=[—%c052x]6 M1 M1
0
1_(_1) 21
4 ( 2)_4 M1
10.
T T
J# sec?3x dx = [étan 3x] 3 M1 M1
. s
4
- n_1
_0_(_3) "3 M1
11a.
‘ tan’x = sec’x — 1 ‘ M1 ‘
11b.
| [tan?x dx = [ sec’x —1dx =tanx —x +¢ M1 M1
12.
[sinxcosx dx = f%sian dx M1
= —i0052x+c M1
2
%
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13.

[(secx —tanx)? dx = [(sec?x — 2secx tanx + tan?x) dx M1
= [(sec?x — 2secx tanx + sec?x — 1) dx M1
= [(2sec®x — 2secxtanx — 1) dx
=2tanx—2secx—x+¢C M1
14.
% cos2x 41 cos 2x
f% sin22x dx = fg sin 2x X sin 2x dx M1
= [# cosec 2x cot 2x dx M1
: T
= [—%cosec 2x]% M1
6
-l -1ni3.1
2R 3\/§ 2 M1
15.
JE(1 = 2sinx)*dx = [+ (1 — 4sinx + 4sin®2x) dx M1
= J# [1—4sinx + 2(1 - cos 2x)] dx M1
= J# (3 —4sinx — 2cos 2x) dx
Vs
= [3x + 4 cos X — sin 2x]4 M1
0
_ /3
=(+2vV2-1)~(0+4-0) "
3n
= T + 2\/2 -5

2,
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A-Level Enit Test 2: integration Methods 5

% ks

1. Find the exact value of [# x sin 3x dx (5)

2. The figure above shows the curve C, given parametrically by, x =Int,y =t ++/t, 1 <t<10.
The finite region R is bounded by C, the straight lines with equations x = 1 and x = 2 and the x-axis.

Ay
c
R
0 1 2 >t

a. Show that the area of R is given by, 4

T1 1

j 1+t 2dt
T1
Stating the values of T1 and T2.
b. Hence find an exact value for the area of R. (3)
3. Using the substitution u = x?+ 2x, find the [(x + 1)(x? + 2x)3dx (4)
4. Find the exact value of f_ZE tan?x sec?x dx (5)
4

5. Find [ e* sinx dx (%)

6. The figure shows the curve C, given parametrically by, x =3t +sint,y=2sint, 0 <t<m.

Ay

0 P

The curve meets the coordinate axes at the point P and at the origin 0. The finite region R is bounded by C and the
x-axis. Determine the area of R. (5)

7. Water is being heated in a kettle. At time t seconds, the temperature of the water is 8°C. The rate of increase of
the temperature of the water at any time t is modelled by the differential equation,

2 = a(120 - ), 6 < 100.

Where « is a positive constant.

Given that 8 = 20, when t = 0.

a. Solve this differential equation to show that, 8 = 120 — 100e ~%¢ (7)
When the temperature of the water reaches 100°C, the kettle switches off.

b. Given that « = 0.01, find the time, to the nearest second, when the kettle switches off. (3)



. % sinx _
8. Find 2 Treoos dx whenu =1+ cos X (5)

9. Find [ (Inx)? dx (4)
10. Giventhaty =2 atx = %, solve the differential equation, Z—z = yco3$2x

11. Evaluate [} —"——dx 4)
12. Find [ xv1 — x dx using the substitution u? = 1 — x (5)
13a. Express > (;_P) in partial fractions. 3)

A team of conservationists is studying the population of meerkats on a nature reserve. The population is modelled
by the differential equation,

dP— 1P(5 P),t>0
dt ~ 15 =

Where P, in thousands, is the population of meerkats and t is the time measured in years since the study began.
Giventhatwhent=0,P =1,

b. Solve the differential equation, giving your answer in the form,
a

P=
b+ce_%t
Where a, b and c are integers. (8)
c. Hence, show that the population cannot exceed 5000. 1)
; 1 3x-1
14. Find the exact value of [i 2xe3* 1dx (5)
3
15. Find the exact value of fol V4 — x2 dx when x = 2 sin u. (6)

Total marks: 60
% Vhiks




Mark Scheme

1.
u=x
du _
i M1
o sin 3x
V= —cos 3x
3 s
z 1 - 21
J¢t x sin3x dx = [ Zx cos 3x]8 - J¢ =5 cos 3x dx
T M1
= [—gx cos 3x] 6 + fozgcos 3x dx
s
= [—lxcos 3x + =sin 3x] 4 M1
3 9 0
S S S S A
=[5 =5 *+;FI0) M1
=—V2(3m + 4) M1
2a.
Whenx=1,Int=1
t=e
Whenx=2,Int=2 M1
t=¢?
2 T2 d z 1\ /1
Area= [ y(x)dx = [,y dt= [ (t + tz) (;) dt M1
2 1
= [Tt x*4 tzx+dt M1
e t t
e? _1
=), 1+t =z dt M1
2b.
[t+2tz]" = [e”+2(e%)z] — [e + 2e?] M1
e
1
=e’+2e—e—2e: M1
=e’+e-2V/e M1
3.
u=x%+ 2x
= 2x+2 M1
[(x + D (x? + 2x)3dx = f%u3du M1
= %u4+c M1
=%(x2+2x)4+c M1
4,
Let u=tanx
du 2 Ml
— = sec’x
X=-—u=-1 "
x=%u=1
[*ztan®x sec?x dx = f_ll u? du M1
* 2
%
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i3
_[fu 14 M1
==[1-(-1)
_3[ ] M1
3
S.
u=e
du
_=eX
d M1
- = sinx

= - COS X
[e*sinx dx =-e“cosx- [ —e* cosx dx M1
=-eXcos X + [ e* cos x dx
For [ e* cosx dx
u=e
_ x
& M1
— = C0SX
VvV =sin X
[e*cosxdx =e*sinx- [e*sinxdx
[e*sinx dx =-e“cos X+ e*sinx - [ e¥sinx dx M1
2[ e*sinx dx =-e*cos X +e*sinx + ¢ M1
[e*sinx dx :iex(sinx—cos X) + ¢
6.
Whent=0,x=0,y=0 M1
Whent=m,x=3m,y=0

2 d :
Area = [ y(t)d—’:dt = fo”(z sint)(3 + cost) dt M1
=f0n6sint+25intcost dt ML
=f0n6sint+sin2t dt
=[-6 cost-%cos 2t]g
M1

=[6 cost+%cos 2t]2
- L_ 1
:(162+2) ©+2 M1
7a.
a6
o —1 a(120 — 0) ML
| 5o d0 = Jadt
“In(120— ) =at+c
When 6 =20,t=0 M1
-In100=c M1
-In (120 - 8) = at —In 100
In 100 — In(120 - 6) = at M1
In—> = gt

120-6

100 a4t M1
120-60
100 = e%(120 — 6)
= =120-06 M1
0 =120 - 100e~* M1

=2
%
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7b.

When 6 =100
100 =120 — 100e00 M1
100e001t=20
5 = g001t M1
In5=0.01t
:ln_5 Ml
0.01
t = 161 seconds.
8.
u=1+cosx
du . M1
a = —SInx
Xx=0,u=2
X = g,u =1 M1
sinx 1 1 _ (21
f02 1+cosxdx 2 u du = fl ; du M1
= [in Jul)? M1
=In2-0
=In2 M1
0.
u = (Inx)?
= 2(nx) x -
v _ M1
dx -
V=X
[(Inx)? dx =x(Inx)* - [ 2Inx dx M1
For [ 21nx dx,
u=Inx
du _ 1
dx X M1
dv _
i 2
vV =2X
[2Inxdx =2xlnx— [2dx
=2xInx-2x+¢c M1
[(Inx)? dx =x(Inx)>— (2x Inx - 2x) + ¢ M1
=x[(Inx)>-2Inx+2]+c
10. (©)
dy 3
ax ycos2x M1
fydy: fcoszx
[ydy = 3[sec?xdx M1
y?z =3tanx + ¢ M1
When x = %,y =2
2=3+¢ M1
c=-
yZ
== 3tanx — 1 M1

2,
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11.

4 x+1 _1 4 2x+2
J; X242x48 % 272 245048 M1
:%HMx2+2x+8H§ M1
=~(In32 - In16) M1
=21In2 M1
2
12.
wW=1-x—x=1-u?
dx M1
a= —2u
[xV1 —xdx=[(1—-u?ux(—2uw)du M1
=2f(u*— u?)du
_ £(5 13) M1
—Z(Eu -gu)"'C
ol 5 01 3
—2%(1—x02—§(1—xﬁ]+c M1
3
== (1—-x)2[301 —x) = 5] +¢
3
== (2+30)(1 —x)2+c M1
15.
X=2sinu
dx M1
achosu
x=0,u=0
x=1,u== M1
f01v4—x2dx:f032cosu X 2 cosu du M1
= J ¢ 4cos®u du
= [£(2 + 2 cos 2u) du M1
s
= [2u + sin 2u]e M1
0
LN
=G+ .
:g(2ﬂ+3\/§)

2,
Q?M%@
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