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N-Level Unit Test: Differentiation Ky

1. Given that y = x(2x + 1)*, show that % = (2x + 1)"(Ax + B) where n, A and B are constants to be found.

4x+1
x=2"

X> 2.

2. The curve C has equation y = f(x) where, f(x) =
a. Show that £(X) = —

(x—2)?
Given that P is a point on C such that f°(x) = -1.

b. Find the coordinates of P

3. Given that x = sec?3y, 0 <y < %

. dx .
a. Find o in terms of y.
1

b. Hence show that 4y _

1
dx >

6x(x—1)

. . d?y . . - .
c. Find an expression for d—sz’ in terms of x. Give your answer in its simplest form.

4. Given that % (cosx) = —sinx,

a. Show that % (secx) = secxtanx
Given that x = sec 2y,
b. Find £ in terms of y

dy

c. Hence find d—i in terms of x

In (x?+1)

; - ind &
5a. Given thaty = , find ™

b. Given that x = tan y, show that & = ——
dx 1+x

6. The curve C has equation x = 8y tan 2y. The point P has coordinates (i, %)
8

a. Verify that P lieson C.
b. Find the equation of the tangent to C at P in the form ay = x + b, where the constants a and b are to be
found in terms of .

7. The point P lies on the curve with equation y = In (§x). The x-coordinates of P is 3. Find an equation of the

normal to the curve at the point P in the form y = ax + b, where a and b are constants.

8. The curve C has equation 16y + 9x%y —54x = 0.

a. Find Z—i in terms of x and y

b. Find the coordinates of the points on C where % =0

9. A curve C has equation 2% + y? = 2xy
Find the exact value of Z—z at the point on C with coordinates (3, 2)

10. The curve C has equation ye> = 2x + y?
a. Find Z—z in terms of x and y
The point P on C has coordinates (0, 1).
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b. Find the equation of the normal to C at P giving your answers in the form ax + by + ¢ = 0, where a, b and ¢
are integers. 4

11. The figure below shows a cylindrical water tank.

h metres

The diameter of a circular cross section of the tank is 6m. Water is flowing into the tank at a constant rate of
0.48m m® min'. At time t minutes, the depth of the water in the tank is h metres. There is a tap at a point T at
the bottom of the tank. When the tap is open, water leaves the tank at aa rate of 0.6rrh m® min™,

Show that t minutes after the tap has been opened, 75 % = (4-5h) (5)

12. A curve has parametric equations,
X=7cost—cos 7t
y=7sint—sin 7t
a. Find an expression for Z—z in terms of t. You do not need to simplify your answer. 3

b. Find an equation of the normal to the curve at the point where t = %- Give your answer in its simplest form. (5)

Total marks: 85
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Mark Scheme

1.
y = x(2x + 1)*
D — x x 4(2x + 1)%(2) + (2x + (1) M1 M1
2 = gx(2x+ 1)+ (2 + 1) M1
2= (2x+ 1)°[Bx + (2x + 1)] M1
ay _ 3
o = (2x+ 1)7[10x + 1)] M1
n=3A=10,B=1
2a.
Using quotient rule:
u=4x+1
u'=4 M1
V=x-2
v =1
— (=2)(4)-(4x+1)(1)
(x) = 27 M1
_ 4x-8-4x-1 _ -9
F() = (x-2)2  (x-2)2 M1
2b.
£(x) = -1
o M1
(x=2)?
(x—2)%=9
X—2= 43 M1
X=5o0r-1
Asx>2,x=5 M1
_ _4(G)+1 _
When x =5, f(5) = e, = 7 M1
P: (5,7)
3a.
X = sec?y = (sec 3y)?
dx _ 5 M1
o (sec 3y)(3 sec 3y)(tan 3y)
ax _ 2
- 6sec 3y tan 3y M1
3b.
1 + tan®x = sec?x
tan®x = sec’x — 1 M1
tan 3y = \/sec?3y —1=+x—1
x = t?
t =sec 3y M1
Z—; =6xvx — 1
dy _ 1
dx  6xx—1 M1
2
%
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3c.

1 1
a2y _ (0-1[(6x) Q=1 2(D)+(x=1)2(6) "
dx? 36x2(x—-1)
=2 1—6(x—1)% X
— (=12 (x-1)Z M1
36x2(x—1) (x—1)%
_ —3x—6(x—-1)
36x2(x—1)%
_ 6—9x
_ 3 M1
36x2(x-1)2
__3(2-3%)
36x2(x—1)%
d?y __ 2-3x "
A a2 o1)?
4a.
4 — 4t y=-a 1
- (5ecx) = —(——) =—(cosx) ML
= -(cos X)?(- sin x)
=——x (sinx)
cos?x M1
1 sinx
= X
COSXx CoSX
=sec x tan x M1
4b.
X = sec 2y
Z—; = (sec 2y tan 2y)(2) M1
=2 sec 2y tan 2y ML
4c.
X = sec 2y
X~ 2 sec 2y tan 2
o sec 2y tan 2y -
dy _ 1
dx ~_ 2sec 2y tan 2y
1 + tan®x = sec?x "
tan X =Vsec?x — 1
dy _ 1
dx ~ 2sec2y./sec2zy—1 M1
Let sec2y = x
2= ,/—1 M1
dx _ 2x\x%-1

2,
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oa.

Quotient Rule:
u=In(x*+1)
s 2X
T x2+1
V=X M1
v=1
dy _ (=)~ In(x?+1)](1)
dx . x?
ay (%)—[ln(x2+1)]
@ o M1
dy _ 2x2—(x2+1)In (x%+1)
dx x2(x2+1)
dy _  2x* (x2+1)In (x%+1)
dx x2(x2+1) ) x2(x2+1) M1
dy _ 2 In (x2+1)
dx  (x2+1)  (x2+1) M1
5h.
ax _ 2 — 2
dy—secy—1+tany M1
dx _ 1+ x? M1
dy 1
dy _ 1
dx 147 M1
6a.
Wheny =2
VRS M1
X = 8(5)(tan Z) =7
6b.
= (8Y)[sec?2y](2) + (tan 2y)(8) M1 M1
Wheny = g
ax _ T 29(% g
= = ®@lsec2(3)1@) + (tan 2())(@) M1
&~ 4 +8
dy
@ __1 M1
dx 4T+ 8
Equation of tangent at P is:
B (x- )
R M1
(4 + 8)y-§(4n + 8)=x-m
(4n+8)y:x-n+§(4n+8) M1
7.
av_ 1,11
dx %x 3 x M1
Whenx:?a,d—yz1 M1
dx 3
2
%
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Therefore gradient of normal = -3 M1
Equation of normal at P is: y — 0 =-3(x — 3) M1
y=-3x+9 M1
8a.
L (16y° + 9x?y — 54x) = 48y?2 + 9x%(1) 2 + y(18x) — 54 = 0 M1 M1
dx dx dx
(48y? + 9x?)X = 54— 18xy M1
dy _ 54-18xy
dx ~ 48y2+9x?2
dy _ i8Goxy) M1
dx _ 3(16y2+3x2)
dy _ 6(3—xy)
dx ~ 16y2+3x2 M1
8b.
dy
When = 0 M1
6(3—xy)=0
3—-xy=0
Xy =3 M1
x=?
Yy
16y3 + 9(§)Zy - 54(5) =0 M1
34+ 9(2y_5a3) =
16y° + 9(y2) 54(y) 0 M1
ey + 2 -2 =9
Yy
16y*—-81=0
_ ., 3 M1
y==-
fa— 3 —
Wheny-;,x—Z M1
Wheny:-z,x=-2 M1
Coordinates are: (2, Z) and (-2, -%)
9.
d d d M1 M1
—(2+y?=2xy)=26In 2+ 2yd—i: 2x(d—i’) + y(2) M1
2In 2 -2y = 2(x — y)= M1
dy _ 2¥In2-2y
dx ~ 2(x-y) M1
At the point (3, 2)
dy _ 2°In2-2(2) M1
dx  2(3-2)
80274 _gn2-2 M1
dx 2
10a.
d, } ] d d M1 M1
Ve = 204 y?) = y(-267) + (€)1 =2+ 2y o M1
2% 4 a2 ay
-2yeX+ede—2+2ydx aE M1
%

7 Vhahs




24y _ dy = -2x
e Zydx 2+ 2ye
o (€ 2y) = 21+ ye)
dy _ 2Qtye™) M1
dx e"2X—2y
10b.
dy _ 2(1+ye”?¥)
dx  e-2x—2y
Whenx=0,y=1 M1
dy _ 20+®e?®) _
dx ~ e200—2(1)
Gradient of normal =% M1
Equation of normal at P:
y-1=2(x—0) M1
4y -4 =X
X—4y+4=0 M1
11.
= = 0.487 — 0.6mh M1
V = m(3)*h =9rh M1
dv
E =97
an _ 1 M1
av___om
dh dh av
—_ = — X —
de —av "t
= %(0.4871 — 0.6rth) M1
_012m
= (4 —5h)
Therefore, 75% =4 —5h M1
12a.
Zz?cost—cos?t M1
d—’t‘ = —7sint + 7sin 7t
y =7sint—sin 7t
%=7cost—7cos7t M1
dy __ 7cost—7cos7t
E ~ —7sint+7sin7t M1
12b.
when t :%
dy _ 7C0.S(%,2_7C0_S7(g,3 _ -\/§ M1
dx -7 sm(g)+7 sin 7(5)
Gradient of normal = % M1
Whent=12
® r M1
X=7c0s=-cos 7(%) = 43
whent = % 1
y=7sinZ—sin 7(7) = 4
=Ly
y—4= \/g(x 4/3) M1

3y = V3x

2
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