“cé' A-level Further Mathematics Further Pure 1 and 2
% hae  Paper H

la. The parabola C has cartesian equation y? = 12x
The point P(3p?, 6p) lies on C, where p # 0
a. Show that the equation of the normal to the curve C at the point P is,

y + px = 6p + 3p3
[S]

This normal crosses the curve C again at the point Q.

Given that p = 2 and that S is the focus of the parabola, find

b. The coordinates of the point Q, [5]
c. The area of the triangle, PQS [4]

(Total 14 marks)

2. The quadratic equation,
4x2+3x+1=0

has roots, a and £.
a. Write down the value of (o + f8) and the value of af8 [2]
b. Find the value of (a? + B?) 2]
c. Find a quadratic equation which has roots,

(4a — B) and (48 — a)
Giving your answer in the form px? + gx + r = 0 where p, q and r are integers to be determined. (4]

(Total 8 marks)

3. Itis given that, f(x) = tanh™! (g) , for x > —%
a. Show that f'(x) = ‘lex’ and find "' (x) [6]

b. Show that the first three of the Maclaurin series for f(x) can be written as Ina + bx + cx?, for constants a, b and
¢ to be found.

[4]

(Total 10 marks)



0 1 9
M=|1 4 k | wherek isaconstant.

1 0 -3
7
Given that, | 19 | is an eigen vector of the matrix M,
1
7
a. Find the eigenvalue of M corresponding to | 19 2]
1
b. Show that k = —7 2]
c. Find the other two eigenvalues of the matrix M (4]
p -6
The image of the vector <q> under the transformation represented by M is [ 21 |.
r 5
d. Find the values of the constants, p, q and 7. (4]
(Total 12 marks)
5. The curve C has parametric equations,
x = 3t4, y = 4t3, 0<t<1

The curve is rotated through 27 radians about the x-axis. The area of the curved surface generated is S.

a. Show that,
1 1
S = knJ t5(t?2+1)2 dt
0

where k is a constant to be found. [4]

b. Use the substitution u? = t2 + 1 to find the value of S, giving your answer in the form pm(11v2 — 4) where p is a
rational number to be found.

[7]
(Total 11 marks)

6.Without using a calculator, find,

1 1
—  dx,
J_2x2+4x+13 x

giving your answer as a multiple of [5]

(Total 5 marks)

End of Paper
Total Marks: 60



Mark Scheme

Question 1

Cestion
Numibser Scheme Niotes Marks
4a) =2r=y= Il'l:'—.-lh—'=l-£.:' i:l:'
der 2 dx
. d
1':[2:1-_1?—]: mE=ﬁ
- M1
& _dydp_ 1 ot |1
dr dpdr  6p T -
dy 1 : dy v 1
— ==l ¥ "oy =—= 1 —=— = i —
dx EJ_ i e 6p Correct differentiation Al
of equivalent expressions
1
m =;"HH- =—F Ciorrect perpendscular gradient mle M1
y—bp =tharm [x—3p")or
¥=my+cwithitherm, sd(3p” 6p)in
- 2 allerepd o fmd e "
—bp=—-—mMr—35|
! 4 2 Their mx mest have come From Ml
calcules and should be a function of
p which is mot their tanpent
gradient.
[ Acm-r:-tcﬁ prinied answer with no Al
SITs
(5)
[]:]] . - S Substimies the grven valoe of pmio
== v+2r=12+14 =
F ¥+2ix the M1
¥ . Substimies to obizin an aquaion m
¥ +—=3h - M1
T B one vanable (x, yor “g”)
¥ oy —216=0
(w+18){ »—12)=l0= r= Solves thewr 3TQ M1
- Al: Ome comect coondinale
r=—18=x=2
’ B Al: Both coondmates comect Al Al
(5l
Focus 5 (3. 0jora=3 or OS5 =3 Biluess be seen or wsad m e) Bl
r=0=x=I18
X e I &
[[4] .-I=]—|IS—3H]lp—l|L:h—.1ul:~| 'U"'_d”“m"ma _ MI1AI
2 2 Al Uomect expressam
A=2115 Cionmact s Al
(4

Total 14




Question 2

Question i _
Number Scheme Notes Marks
S(a) a+f=-3, aff=1% B1, Bl
(2)
(b) ) Ml1:Use of &’ + > =(a+ ) -2a
c‘x3+,!3'2=(@:+,1fi?}'—2.:x,!3'=i—l=L p=(a+p) p M1 Al
16 2 16 | Al: -cso (allow 0.0625)
(2)
() Sumda-p+4p-a=3(a+p)=—% Attempt numerical sum M1
Product (4a - B)(4f-a)=1Taf -4(a’ + f°
( 4 ) a 4{ ) Attempt numerical product M1
=3—3=
Uses x* — (sum)x + (prod) with
¥’ —(-2)x+4(=0) sum, prod numerical (= 0 not M1
reqd.)
4x° +9x+16=0 Any multiple (including = 0) Al
(4)

Total 8




Question 3

7 (M

Attempt quotient/product on bracket M1

Get -3/(2 +x)° Al  May be implied

Use Formulae Booklet or denive from tanh y = (1-x)/(2+x) M1  Attempt tanh™ part in terms of x

Get -3 — l — AlvV From their results above

(2+x)” 1-((1-x)A2+x))"
Clearly tidy to A.G. Al
Get £ "(x) =2/(1+2x)’ 5 cao
SC Use reasonable In defimition M1
Get y=":In(( 1-k)/( 1+k)) for F=(1-x)A 1+2x)Al
Tidy to y="4In{3/(1+2x) Al
Attempt chain rule M1
Clearly tidy to A.G. Al
Get f7(x) B1
(ii) Attempt f(P}, £'(0) and £ "(0) M1 From their differentiation

Get tanh ~ %, -1 and 2 AlV

Replace tanh 114 = 1 In3 (=InV3) Bl Only

Get In\3 —x + x° Al

SC Use standard expansion from '2In3-'2In(1+2x)




Question 4

Question

. Scheme MNotes Marks
Number
3a) (0 1 9Y7Y [7)
1 4 k [|19[=2[19] Correct statement M1
10 3f1) (1)
T-3=ior2i=Ti= i=4 Correct eigenvalue Al
2)
(h) M1: Uses y component to establish
T+4x19+k=4=x19=k=-T= an equation for k MI1AT®
Al®: Comect &
)
(<) 0-i 1 9
1 4-4 T |=0
1 0 -3-i
A(d-A)3+A)+(3+4)-T+9(Ai—-4)=0 | MI: Correct charactenstic equation
i . . - method (allow sign errors only) M1Al
or=T7+9(A-4)-(3+24)[A(4-4)-1] Al: Correct equation in any form
(4-2)[4(3+4)-1-9]=0 NB i'-i°-22i+40=0
o . - :11.;'_:: or L =-=5
A-2)NA+5)=0=4i=2,-5 AlAl
\ L ! Al: 4 =2 and 4 = -5
4
(d) 0 1 9% p) g+9r
Way 1 1 4 -7l g|=| ptag-Tr| Multiplies by M to obtain a vector in M1
1 | 1 l.frmiul'p.qandr
\1 0 3Ar) \ p-3r )
g+9r | [-6)
p+4-q—?r;=;21'. Correct equations Al
.\ p—3r ) 1 5)
M1: Solves simultaneously to obtain
at least one of p, g or r. Dependent
p=l.g=3r=-l on the previous method mark. dM1Al
Al: Correct answers
Correct equations followed by correct answers scores full marks in part (d)
i4)
'\ a
wa ey (12 -3 43)(-6) '""*“T“f:“:fnﬂ‘;‘ .
3 1 i+gj+rk=M "(6i+21j+5
g|=M"|21|=—4 9 -9 2| ma (F6+205+5K) | ygyag
r) 5) 4 -1 1 N 35} |Al:Correct inverse
- M1: Multplies thear inverse by the
i '\I G | | w - -
P | 1 12 3 43)-6) - given vector. Dependent on the
Ul 4 9 912 |= 3] previous method mark. dM1Al
\r) (4 -1 1 A5) -1 Al: Correct vector

4




Question 5

ti
?ﬂlf::zb:lrl Scheme Notes Marks
7 r=3", y=d
(@) =12r d-r =12r° Correct derivatives Bl
i
|II dx -».I_' d_ﬁ. -\..: .:- i = =y
S=(2x) 1.:k|~3;| “Har) | dr=(2x j-h (1267 ) +(12r7°) dr
f - \ Mi
|=12.r] 40 (1440 + 1440 | dr
]
M]1: Substitutes their derivatives into a correct formula (27 not required)
(e ; a2t Attempt to factor out at least r* -
§=(2s }j# (1447) ( +1) de numerical factor may be left MI
8= %:I. £(r+1 }T dr Correct completion Al
(4)
b 3 du di
®) u'=.r'+1:rluj=lr or 2u=2.rI Correct differentiation Bl
Correct limits
_ i o N - ALT: reverse the substitution later.
t=0=u=1 r=1=u=2 (Treat as M1 in this case and award Bl
later when work seen)
s =1'§'ﬁ.’r}j £ xux—du
i
M| : Complete substitution
_?=|95.TIJ (1 -1} xu du Al: E'u:-r_rea..jt mtegral in terms of w. MIAL
Ignore limits, need not be
simplified
. 3 v W W]
=(96x P-2u” +w A =(%r)| ———+ — |
5=(9% ]Ih; u” + w du=(96 }.? 5"'3. dM1
M|1: Expands and attempis to integrate
- - . _"E i 1 % 1 % . .
Ty : 42 242 2 (1 2 1)
§=967) ————+—| =% 2 { + J_ e ||>
_? = J'_: !I‘ 7 J 32 ) -.'--lII - 3,| ddmil
M1: Correct use of their changed limits (both to be changed)
ALT: If sub reversed. substitute the onginal limits
192x
§=——1l42-4 Cao eg Al
105 1 V2 ) - 35
(7)

Total 11




Question 6

12

Question
Number Scheme Notes Marks
3(@) F+dx+13=(x+2) 49 BI
(a1 .
J'—l:dt=lan:l:ml a “J MI: karctanf(x). MI1Al
(x+2) +9 3 \ 3 Al: Correct expression
w1 S
larclan[x+2 =l(zm:tan]—z1rctanﬂ] Correct use of limits M1
3 L3 L, 3 arctan() need not be shown
T
— cao Al
12
(3)
ALT: Sub x+2=3tant
Crdx+13=(x+2) +9 Bl
E=3n-'.:—:;:‘11‘ x=-2tant=0,7=0; x=Ltant =1, ==
dt 4
sec’ f I 1 M1 sub and integrate inc use of
'[ +«J;:—j dr =~ tan®+1 = sec’ MIAL
Han” 1 +9 3 3 Al Correct expression Ignore limits
2 Either change limits and substitute
. |:i] . Or reverse substitution and substitute | M1
12 ], original imits
i
—_ cao Al




