e A-level Further Mathematics Further Pure 1 and 2
%%mﬁg Paper A

z= -2+ (2\/§)i
a. Find the modulus and the argument of z 3]
Using de Moivre’s theorem,
b. Find z°, simplifying your answer. [2]
c. Find the values of w such that w* = z3, giving your answers in the form a + ib where a, b € R (4]

(9 marks)
2.

(1) A group G contains distinct elements @, b and e where e is the identity element, and the group operation is
multiplication.

Given a’b = ba, prove ab # ba [4]
(ii)) Theset H={1,2,4,7,8, 11,13, 14} forms a group under the operation of multiplication modulo 15.
(a) Find the order of each element of H. 13]
(b) Find three subgroups of H each of order 4, and describe each of these subgroups. (4]

[ (k) (k) )
2) ")
kr) (k)
4J COs

a) )

where k=1, 2, 3, 4, 5, 6, 7, 8 and the group operation is matrix multiplication.

cos L
The elements of another group J are the matrices (
—sin L

(c) Determine whether H and J are isomorphic, giving a reason for your answer. 2]
(13 marks)
3.
z=2-iV3
a. Calculate arg z, giving your answer in radians to 2 decimal places. [2]

Use algebra to express,
b. z + z2 in the form a + biv3, where a and b are integers. [3]

c. g in the form ¢ + div3, where c and d are integers. (4]



Given that,
w=7y—3i
Where y is a real constant and arg(4 — 51 + 3w) = — %

d. Find the value of y

4a. Use the standard results for Y,7'_; 73 and Y;7_; r to show that,

- 1
Z(r3 +6r—-3)= an(n2 +2n+13)

r=1
For all positive integers n

b. Hence find the exact value of,

30
Z (r3+6r—3)
r=16

5. Given that

>
Il

31
6 4
a. Find the characteristic equation of the matrix A.

b. Hence show that A3 =43A — 421

6. A sequence of numbers is defined by
U =8up1 =4u, —9n, n=>1

Prove by induction that, forn €R, u, =4"+3n+1

7. The line l; has vector equation,
and the line [, has vector equation,

Where, A and y are parameters.
The lines [, and [, intersect at the point A and the acute angle between l; and [, is 6.

a. Write down the coordinates of 4.

2]
(11 marks)

[5]

2]
(7 marks)

2]

3]
(5 marks)

[3]

(3 marks)

[1]



b. Find the value of cos 6. [3]

The point X lies on [; where A = 4.

c. Find the coordinates of X 1]
d. Find the vector AX [2]
e. Hence, or otherwise, show that |ﬁ| = 4+/26 2]

The point Y lies on [,. Given that the vector YX is perpendicular to [,
f. Find the length of AY, giving your answer to 3 significant figures. [3]

(12 marks)

End of Paper

Total Marks: 60



Mark Scheme

Question 1
Question Scheme Marks
Number
2(a) | |7=4 BI
—24/3 2
arg:=arctan[ ;‘FJ=ﬂrl:tﬂn{—s,/i-’_r)=TJTr or 120° MIAL (3)
é 27 .. 27 o . P = ’
(b) =4 cos?+lsm? =4"(cosdr+isindr) or " =| 4e * M1
= 4096 or 4° or 2"~ Al cso (2)
(a) and (b) can be marked together
330 5 27V 2
(c) =4 (4::4::»5—;{+isin—irrj4 =44 (c05£+isin EJ
3 3 2 2
w=i22 oc or any other correct root Bl
3 3
4 [cos(%ﬁr+2nnj+isin[%{ +2mr]] M1
(r.' =0 see abﬂve)
n=1 w= 2-\/5 oe
n=2 w:—iZﬁ oe
n=3 w=-22 oe AlAl (4)

[%]




Question 2

Question Scheme
4(1) If we assume ab = ba; as a°h = ba then ab = a’h M1 21
So alabb ' =ala’bb™! M1 21
So €=d Al 22a
But this 15 a contradiction, as the elements e and a are distinct so
Al 24
ab = ba
(4)
(ii)(a) 2 has order 4 and 4 has order 2 M1 1.1b
7. 8 and 13 have order 4 Al 1.1b
11 and 14 have order 2 and 1 has order 1 Al 1.1b
(3)
(ii)(b) Finds the subgroup {1, 2, 4, 8} or the subgroup {1, 7, 4, 13} M1 1.1b
Finds both and refers to them as cyclic groups, or gives generator
Al 24
2 and generator 7
Finds {1,411, 14} Bl 22a
States each element has order 2 or refers to it as Klein Group B1 25
(4)
(ii)(c) Jhas an element of order 8, (H does not) or.J 1s a cyclic group (H
1s not) or other valid reason M1 24
They are not 1somorphic
Y P Al 22a
(2)
(13 marks)




Question 3

'ﬁ'::jﬁ:’ Scheme Notes Marks
7. : arnt (423 — - .
ia) arg s = — tan~ (-"‘_:} tan (i - :I or fan (tT} seem or M1
' evaluated
Awrt #0.71 or awri +0.86 can be iaken as evidence for the meihod mark
Or 4059 or 249_10 if wodking in degrees
= —0.7137243789.. = -0.71(2 dp) [awrt -0.71 or awst 5.57 Al
:.' 3 N |'- : .\-
NB [;a.n|£|=].]3 and tan| —= |=2.26 and both score MD
2 W3
12
(b) = = |.r_: - :ﬁ“: - Wﬁj An attempt to multiply out the brackets to |
—4 -7 - J'L‘UF + 3 mive four terms (or four terms imphed). :
=2 i3 + (4 - 4i5 -3) M1: An understanding that i = -1 and an
y : attempt io add = and put m the form
=} = _— 3 g
2 =i 3+|Ir_] —hﬂG} r..:+!:r]ﬁ MIAI
=3—J|ﬁ (Note: a=3.b=-5) A]:S—jlﬁ
z+2° =2 - i3 + (4 - 4i43 + 3) = 9-5i/3scores MIMDAD (Noevidenceof i =-1)
B3
2+7_2-1yy3+7 Subsiiiuies = = 2 — 14J 3 inio both M
(€) z=1 2- :ﬁ— | numerator and denominator. )
) Simplifies ———
19—15) [|+|..EJ -1
= - — X ie | 1 dMl
their (1+if3
\1- ’ﬁj [I * "JGJ and multiplies by —]'I
their (1+i.f3)
_ 9+ 9143 iﬁ"’ 3 Simplifies realising that a real aumber is
1+ 3 needed 1n the denomimator and apples .
12 + Ri F i* = =1 in their numerator expression and MI
= 1 denominaior eXpression.
= 3+2if3 (Nete: c=3,d=2) |3+2if3 Al
4]
[
@ w=4 - 3i,and arg(4 - 5i + 3w) = —=
[4=35i+3w=4+3i-14)
) _ i States real part of (4 — 51+ 3w) =0
Soreal partof (4 - 51+ 3w) =0 or 4+34=0 " M1
or 4+34=10
So, A=—3 -3 Al
12]
[ 14 ) s .4
Allow +| — =tw=3l+4=0M] = A=—= Al
\31+4) 3
11 marks




Question 4

Question Scheme Notes Marks
Number
r o+ 6r -3
4. (a) zl[ :I
M1; An attempt to use at least one of the
standard formulae correctly in summing at
least 2 terms of r’ +6r—3
1 5 2 1 '
= 3" (n+1y + &'EM” +1)—3n Al: Correct underlined expression. MIAlBI
Bl:-3 = —3n
| I ; : -
= In'{n +1r + 3n + 3n—3n
If any marks have been lost, no further marks are available in part (a)
_ 1 3 17 2.7
St yo+n Cancels out the 3n and attempts to factorise aM1
1 " 2 F z l
= 1” {tn + 1) + l2]| out at least 2™
|
= En- |[n' + 2n+ ]3] iAG) Correct answer with no errors seen. Al *
Provided the first 3 marks are scored, allow the next two marks for correctly showing the
algebraic equivalence. E_g. showing that both
. 2 l a7 2 1 1 - 13 .
L (n+1) +'Er.ln|:n+1;I -3n and —n" [n' + 2n + I.’r]|=—.li1 t—n +—n
4 2 4 4 2 4
There are no marks for proof by induction but apply the scheme if necessary.
151
e}
B |5 = 3 (F +6r-3)=5, - 5.
o=l
= _;(30}:{3-0: +2(30) +13) - 17{151:{153 +2(15) + 13) Useof 8, — 5. 0r §, - 5, | Ml
1 ., . :
MNB They must be using 5§, = zn' {n' +2n+ 13} not 5, =n" +6n—3
= 218925 - 15075
= 203850 203850 Al cao
NB §,, - 8, =218025 — 19264 = 199661 (Scores M1 AD)
12]
7 marks




Question 5

Question Scheme Marks AOs
6(a) ) 3-4
Consider et =3-A)4-A)-6 M1 1.1b
6 4-4
So A° —7A+6=0 is characteristic equation Al 1.1b
(2)
So A'=T7A-61 Bift | 1.1b
(k) Multiplies both sides of their equation by A so A° =7A’ —6A M1 | 3.1a
Uses A°=7(TA-6I)-6A  So A =43A—421* Al*cso | 1.1b
(3)
(5 marks)
MNotes:

(a)
M1l: Complete method to find charactenistic equation
Al: Obtamns a correct three term quadratic equation — may use variable other than A

(b)
B1ft: Uses Cayley Hamilton Theorem to produce equation replacing A with A and constant term

with constant multiple of identity matrix. I
M1: Multiplies equation by A
Al*: Replaces A’ by linear expression in A and achieves printed answer with no errors




Question 6

u; =8
n=1 B1
Assume true for n = k so that u;, = 4% + 3k + 1
Upyr = 4(4% + 3k +1) — 9%k
=4%+1 4 12k + 4 — 9%k
Al
=4k+1 4+ 3k + 4
=41 4 3(k+1)+1
If true for n = k, then true for n = k + I and as true for n = 1, true for all n Al




Question 7

Question

Mumber Scheme Marks
Q4 {a) A: (—6.4.-1) Accept vector forms | B1 (1)
[\ 3
(®) |-1|| 4 =|2+4+3=J4:+1—1f+3: 3 +(—4) + I cos® M1 A1
lu. 3_.‘ %, 1
19
cosfd=— awrt 0.73 | A1 (3)
26
(c) Xt (10,0.11) Accept vector forms | B1 i1)
10 —6
i
(d) AX=| 0 |- 4] Either order | M1
1) (-1}
16
=| -4 cao | Al (2)
112
() |I¥"|=,,f|ﬁ=+(—4::'+|21 M1
=316 =+/16x26 = 4-/76 * Do not penalise if consistent | A1 )
mncorrect signs in (d)
Use of comect nght angled triangle — M1
B 1
—=cos 8 M1
d
26
d= = =279 awrt 27.9 | A1 (3)
X

[12]




