Further Maths ~ Topic: Modelling with Differential 3
A-Level Starter =7, Equations (1) :
Activity Vi Chapter Reference: Core Pure 2, Chapter 8 E!IIII!ITES

1. The total value of the sales made by a new company in the first t years of its existence is denoted by £V. A
model is proposed in which the rate of increase of V is proportional to the square root of V. The constant of

proportionality is k.

a. Express the model as a differential equation.

Verify by differential that V = (% kt + c)?, where c is an arbitrary constant, satisfies this differential

equation. 4)

b. The value of the company’s in its first year is £10000, and the total value of the sales in the first two years is

£40000. Find V in terms of t. (4)
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Solutions

la.
av
— =V
dt B1
V= (Ekt + C)2
av _ 52 21 M1
e 2(2kt+ c) .Zk
=k(1/5 kt +¢) Al
=k\VV Al
1b.
1 2 1 _
Gkt + ¢)?=10000 = /2 k + ¢ =100 81
B1
(k +¢)? = 40000 =k + ¢ = 200 M1
1/, k =100
k=200 c =0
Al
V = (100t)? = 10000t
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Further Maths ~ Topic: Modelling with Differential 3
A-Level Starter 7 Equations (2) :
- 7 ks , minutes
Activity “ Chanter Reference: Core Pure 2, Chapter 8
1. The motion of a particle is modelled by the differential equation
v % +4x =0,

where x is its displacement from a fixed point, and v is its velocity.
Initially x = 1 and v = 4.

a. Solve the differential equation to show that v? = 20 — 4x? (4)

Now consider motion for which x = cos 2t + 2 sin 2t, where x is the displacement from a fixed point at time t.

b. Verify that, when t = 0, x = 1. Use the fact that v = %to verify that whent =0, v = 4. 4)

%

9
Content created by Dami Oyelade for JethwaMaths ﬂ”ﬂb\g



la.

Solutions

vd”/dx+4x= 0

M1
Jvdv=—j4xdx Al
1 Bl
Evz =-2x*+c¢
Whenx =1,v=4,so0c = 10
So v2 = 20 — 4x2 Al
1b.
X =cos2t+ 2sin2t Bl
whent =0, x =cos0+2sin0 =1 M1
dx
U=E=—251n2t+4c052t Al
v=4cos0—2sin0 =4 Al
2
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Further Maths ~ Topic: Modelling with Differential !
A-Level Starter %;9 " Enuations (3) mintes
Activity ak® | Chanter Reference: Core Pure 2, Chapter 8 H
1. The displacement x at time t of an oscillating system from a fixed point is given by
X+ 2% +5x=0,
where 4 > 0.
a. For what value of A is the motion simple harmonic? State the general solution in this case. (3)
b. Find the range of values of A for which the system is under-damped. (3)
Consider the case A = 1.
c. Find the general solution of the differential equation. (3)
2
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Solutions

la.
A=0 Bl
x = Acos V5t + Bsin V5t M1
Al
1b.
(20)2—-45<0 M1
0<A<+5 Al
Al
1c.
m?>+2m+5=0 M1
m=—-1+2i Al
x=etCcos2t+Dsin2t) F1
2
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Further Maths & Topic: Modelling with Differential 3
A-Level Starter 7, Equations (4) :
Activity Phas Chapter Reference: Core Pure 2, Chapter 8 E!IIII!ITES

1. A car travels over a rough surface. The vertical motion of the front suspension is modelled by the differential

equation
d?y
qz + 25y = 20 cos 5¢,
where y is the vertical displacement of the top of the suspension and t is time.
Find the general solution. (8)
=
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Solutions

1.

m? +25=0 M1
m = £5i Al
C.F.y = Acos5t + Bsin5t F1
P.l. atcos 5t + bt sin 5t Bl
y = acos 5t — 5at sin 5t + b sin 5t + 5bt cos 5t M1
y = —10asin 5t — 25at cos 5t + 10b cos 5t — 25bt sin 5t M1
=b=2a=0 Al
P.l.y = 2t sin 5t

G.S. y = 2tsin5t + Acos 5t + Bsin 5t F1
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Further Maths Topic: Modelling with Differential .
A-Level Starter %, e | EONRTIONS (5) it
Activity s Chanter Reference: Core Pure 2, Chapter 8 MIntes
1. The following simultaneous differential equations are to be solved.
% = —5x + 4y + e 2,
% =—9x+ 7y +3e"%
Show that % -2 % +x=3e"% ®)
é
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Solutions

1.
¥ =—5x+4y —2e”% M1
= —5x + 4(—932cél- 7y + 3e7?t) — 272 M1
= —5% — 36 + — (% + 5x — e~ 2t) + 10e~2¢ M1
2 p 4 M1
L aTx Hax — -2t
oz T2 tx=3e El
2
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