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 1. Find the general solution of the differential equation  

sin 𝑥
𝑑𝑦

𝑑𝑥
− 𝑦 cos 𝑥 = sin 2𝑥 sin 𝑥, 

 giving your answer in the form 𝑦 = 𝑓(𝑥).                                                                                                 (8) 
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Solutions 

1.  

sin 𝑥
𝑑𝑦

𝑑𝑥
− 𝑦 cos 𝑥 = sin 2𝑥 sin 𝑥 

𝑑𝑦

𝑑𝑥
−

𝑦 cos 𝑥

sin 𝑥
=

sin 2𝑥 sin 𝑥

sin 𝑥
 

 
𝑑𝑦

𝑑𝑥
−

𝑦 cos 𝑥

sin 𝑥
= sin 2𝑥 

 

Integrating factor =  𝑒∫ −
cos 𝑥

sin𝑥 = 𝑒− ln sin 𝑥 

 

=
1

sin 𝑥
 

 

(
1

sin 𝑥
)

𝑑𝑦

𝑑𝑥
−

𝑦 cos 𝑥

sin2 𝑥
=

sin 2𝑥

sin 𝑥
 

 

    
𝑑

𝑑𝑥
(

𝑦

sin 𝑥
) = sin 2𝑥 ×

1

sin 𝑥
 

 

      
𝑑

𝑑𝑥
(

𝑦

sin 𝑥
) = 2 cos 𝑥 

 
𝑦

sin 𝑥
 =  ∫ 2 cos 𝑥 𝑑𝑥 

 

 

𝑦 = 2 sin2 𝑥 + 𝐾 sin 𝑥 
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1. Find the general solution of the differential equation 
𝑑2𝑥

𝑑𝑡2 + 2𝑘
𝑑𝑥

𝑑𝑡
+ 4𝑥 = 0, where k is a real constant, in each 

of the following cases, 

 

a. |𝑘| > 2                                                                                                                                                     (4) 
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 b. |𝑘| < 2                                                                                                                                                     (2) 
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 c. |𝑘| = 2                                                                                                                                                     (2)                                                                                                                                                        
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Solutions 

1a.  

𝑚2 + 2𝑘𝑚 + 4 = 0 

 𝑚 − 𝑘 ± √𝑘2 − 4 

 

𝑥 = 𝑒−𝑘𝑡 (𝐴𝑒√𝑘2−4 𝑡 + 𝐵𝑒−√𝑘2−4 𝑡) 
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 1b.  

𝑥 = 𝑒−𝑘𝑡 (𝐴𝑒𝑖√4−𝑘2 𝑡 + 𝐵𝑒−𝑖√4−𝑘2 𝑡) 

𝑥 = 𝑒−𝑘𝑡 (𝐴ʹ cos √4 − 𝑘2 𝑡 + 𝐵ʹ sin √4 − 𝑘2 𝑡) 
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 1c.  

𝑥 = 𝑒−2𝑡(𝐴" + 𝐵"𝑡) M1 

A1 
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 1a. Find the value of  for which 𝜆𝑡2𝑒3𝑡 is the particular integral of the differential equation                          

𝑑2𝑦

𝑑𝑡2
− 6

𝑑𝑦

𝑑𝑡
+ 9𝑦 = 6𝑒3𝑡,                𝑡 ≥ 0 

    (5) 
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 1b. Hence find the general solution of this differential equation.                                                         (3) 
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Solutions 

1a.  

𝑦 = 𝜆𝑡2𝑒3𝑡 

 
𝑑𝑦

𝑑𝑡
= 2𝜆𝑡𝑒3𝑡 + 3𝜆𝑡2𝑒3𝑡 

 

𝑑2𝑦

𝑑𝑡2
=  2𝜆𝑒3𝑡 + 6𝜆𝑡𝑒3𝑡 + 6𝜆𝑡𝑒3𝑡 + 9𝜆𝑡2𝑒3𝑡 

 

2𝜆𝑒3𝑡 + 6𝜆𝑡𝑒3𝑡 + 6𝜆𝑡𝑒3𝑡 + 9𝜆𝑡2𝑒3𝑡 − 12𝜆𝑡𝑒3𝑡 − 18𝜆𝑡2𝑒3𝑡 + 9𝜆𝑡2𝑒3𝑡 = 6𝑒3𝑡 

 = 3 

M1A1 

 

 

A1 

 

M1 

A1 

 

 

 1b.  

𝑚2 − 6𝑚 + 9 = 0
(𝑚 − 3)2 = 0

 

 

C.F. 𝑦 = (𝐴 + 3𝑡)𝑒3𝑡 

 

G.S. 𝑦 = (𝐴 + 3𝑡)𝑒3𝑡 + 3𝑡2𝑒3𝑡 
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 1. The differential equation  

𝑑2𝑥

𝑑𝑡2
+ 6

𝑑𝑥

𝑑𝑡
+ 9𝑥 = cos 3𝑡,       𝑡 ≥ 0 

 describes the motion of a particle along the 𝑥- axis. 

 Find the general solution of this differential equation.                                                                              (8) 
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Solutions 

1.  

𝑚2 + 6𝑚 + 9 = 0                  𝑚 = −3 

C.F. 𝑥 = (𝐴 + 𝐵𝑡)𝑒−3𝑡 

P.I. 𝑥 = 𝑃 cos 3𝑡 + 𝑄 sin 3𝑡 

𝑥̇ = −3𝑃 cos 3𝑡 + 3𝑄 sin 3𝑡 

𝑥̈ = −9𝑃 cos 3𝑡 − 9𝑄 sin 3𝑡 

 

(−9𝑃 cos 3𝑡 − 9𝑄 sin 3𝑡) + 6(−3𝑃 cos 3𝑡 + 3𝑄 sin 3𝑡) + 9(𝑃 cos 3𝑡 + 𝑄 sin 3𝑡) = cos 3𝑡 

−9𝑃 + 18𝑄 + 9𝑃 = 1 and −9𝑄 − 18𝑃 + 9𝑄 = 0 

𝑝 = 0         𝑎𝑛𝑑      𝑄 =
1

18
 

 

𝑥 = (𝐴 + 𝐵𝑡)𝑒−3𝑡 +
1

18
sin 3𝑡 
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1.  

𝑑2𝑥

𝑑𝑡2
+ 5

𝑑𝑥

𝑑𝑡
+ 6𝑥 = 2𝑒−𝑡 

 

 Given that 𝑥 = 0 and 
𝑑𝑥

𝑑𝑡
= 2 at 𝑡 = 0, 

 Find 𝑥 in terms of 𝑡.                                                                                                                                  (8) 
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Solutions 

1.  

𝑚2 + 5𝑚 + 6                    𝑚 = −3, −2 

 

C.F. 𝑥 = 𝐴𝑒−3𝑡 + 𝐵𝑒−2𝑡 

 

𝑥 = 𝑘𝑒−𝑡    
𝑑𝑥

𝑑𝑡
 = −𝑘𝑒−𝑡   

𝑑2𝑥

𝑑𝑡2
 = 𝑘𝑒−𝑡  

 

𝑘𝑒−𝑡 + 5(−𝑘𝑒−𝑡) + 6(𝑘𝑒−𝑡) = 2𝑒−𝑡 

𝑘 =  1 

 

P.I. 𝑥 = 𝑒−𝑡 

 

𝑥 = A𝑒−3𝑡 +  B𝑒−2𝑡   + 𝑒−𝑡        
𝑑𝑥

𝑑𝑡
 = −3 A𝑒−3𝑡 − 2B𝑒−2𝑡   − 𝑒−𝑡 

 

 

0 = 𝐴 + 𝐵 + 1 

2 = −3𝐴 − 2𝐵 − 1 

 

𝐴 = −1, 𝐵 = 0 

 

So, 𝑥 = 𝑒−3𝑡 + 𝑒−𝑡 
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