A-level Unit Test: Rlpehra and Functions 2

Composite Functions " s

= 2D
a. Show that (x) = %, x>3 )
b. Find the range of g ?2)
c. Find the exact value of a for which g(a) = g''(a) “)

2. The function f has domain -2 < x < 6 and is linear from (-2, 10) to (2, 0) and from (2, 0) to (6, 4). A sketch of the graph
y = f(x) is shown in figure 1.

Figure 1
v
E[") “ a. Write down the range of f
b. Find ff(0) @
A function g is defined by 2)
g:xﬁ%, XER, x#5
c. Find g''(x) 3)
d. Solve the equation gf(x) = 16 Q)]
-2 0 2 6 "x

3. The function f is defined by

f:x%%,xER, xX#5

a. Find £(x). 3)

The function g has domain -1 < x <8 and is linear from (-1, -9) to (2, 0) and from (2, 0) to (8, 4). Figure 2 shows a sketch of
the graph y = g(x)

Figure 2
b. Write down the range of g. (1) 4
c. Find gg(2) @)
d. Find fg(8) @) ol 8 n

e. On the same diagram sketch the graphs y = g(x) and y = g"!(x). Show the
coordinates of each point at which the graph meets or cuts the aces.

(&)

f. State the domain of the inverse function g 4))




4. The function fis defined by

a

. Find f!(x)

3x-5
X2 Y€ER, x#-1
x+1

f:x—

b. Show that ff(x) = i—j x €ER, x# -1, where a is an integer to be found.

The function g is defined by

o

. Find the value of fg(2)

d. Find the range of g

c.

. The functions f and g are defined by

. Prove that the composite function gf is:

g:x—x>-3x,xER,0<x<5

Explain why the function g does not have an inverse

fix—>2x+Inx,x€R
g:x—>e¥,xER

gf:x > 4e*, x€R

b. Sketch the curve with equation y = gf(x), and show the coordinates of the point where the curve cuts the y-axis.

o

d. Find the value of x for which % [gf (x)] =3, giving your answer to 3 significant figures.

. Write down the range of gf

s =3+Vx+2,x>2

6. A function g is defined by

a. State the range of g

b. Find g!(x) and state its domain.

c. Find the exact value of x for which, g(x) =x

d. Hence state the value of a for which g(a) = g"'(a)

-
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b.

. The functions f and g are defined by:

. State the range of f

. Find fg(1)

. Find g, the inverse function of g.
. Solve the equation

. The functions f and g are defined by:

. Write down the range of g

. Write down the range of fg.

f:x—>2x+3, xR
g:x—>3-4x,x€R

gg(x) + [gx)]P =0

f:x—>3x+Inx,x>0,x€R
g:x—>ex2, XER

Show that the composite function fg is defined by

fg: > x2+3e",xeR
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Total marks: 82
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Mark Scheme

la.
X 3(2x+1)
3 xZ+x-6
:+L_T_ +§(2x+1) M1
x+3 (x+3)(x—2)
_ x(x=2)+3(2x+1)
_ @3)(x-2) M1
_ X?-2x+6x+3
(x+3)(x-2)
_ _x?+4x+3 Ml
(x+3)(x=2)
_ (x+3)(x+1)
(x+3)(x-2)
_ (§+1) g M1
(x=2)
1b.
_ B+ _
x>3,g(x)= G M1
g(x) = 1 — asymptote M1
Range, 1 <g(x) <4
Ic.
=X —xt1
g =5 -
yii M1
y-2
x(y-2)=y+1
xy—2x—y=1
x—1)=1+2x
y(: 1+2)x _ 'l(x) M1
Y=—-7178
gl@)=g'(a)
atl _ 1+2a
a-2 a-1
(@+1)(a—1)=(1 +2a)(a-2) Ml
a?—1=2a*>-2-3a
a*>-3a-1=0
_3++13
a=—; M1
Asx=a>3,a= %
2a.
l0<f(x)<10 Y
2b.
ff(0) = f(5) (using symmetry of line) M1
f(5) = % way across interval, therefore ff(0) = 3. M1
2c.
4+3x 4+3y
5—x 5-y
x(5—y)=4+3y M1
Sx—xy=4+3y
Jy+xy=5x-4
y3+x)=5x-4 M1
_ 5x—4 1 _ 5x—4
V=3 8 WEo mi

\ 49 Vhaks.




2d.

g'eflx) = g"'(16)
M1
_ _5(16)-4 _
f)=g"(10) =375 M1
Using graph, f(x) =4 M1
x:6orx:l(2) =2
2 5, M1 M1
gf(x) =16 whenx =6 or -
3a.
_ 3-2x _3-2y
fix) = s YT M1
x(y-5)=3-2y
xy—5x=3-2y M1
xy+2y=3+5x
yx+2)=3+5x
_3+5x Fi(x) = 3+5x M1
Y x+2 X+2
3b.
| 9<fx)<4 [ M1 |
3c.
g[2(2)] = g(0) M1
=-6 M1
3d.
flg(8)] = f(4) M1
fla) =328 — 5 M1
4-5
3e.
Attempted reflection in y = x M1 y=g'(x)
g(x) and g''(x) drawn correctly M1 .
All points cutting axes labelled M1 y/
o y=dx)
-6 2
-6
3f.
| Domain of g'(x) =-9 <x<4 | M1 |
4a.
_ 3x-5 _3y-5
T Y om M1
x(y+1)=3y-5
xy+x=3y-5 M1
3y—xy=x+5
B3—-x)=x+5
4 _ x+5 S| _ x+5 M1
A L
4b.
3x-5
fx) = M1
x+1 “c)o;f

4,

7 P hins



3x-5

3C22))-5
ff(x) = 55— M1
G+t
GRSy 20 x-5
_ X1 _4x-20 _ x-5
ff(x) = 3x—5+x+1) T ax—2  x-1 M1
x+1
a=-5
4c.
g(2)=22-312)=-2 M1
_3(=2)-5 _
f(-2) = a1 M1
4d.
g(x) =x*—3x
g(0)=0 M1
g(5)=5>-3(5=25-15=10
x*—-3x=(x-15)y-225 M1
Therefore minimum point of curve = (1.5, -2.25)
Range is: -2.25 < g(x) <10 M1
4e.
The function g cannot have an inverse as the function is not one to one and hence the inverse would be M1
one to many, which is not a function.
Sa.
gf (X) — e2(2x+ln X)
:e%+2mx M1
— adx 2In x
e¥xe M1
— adx
e™x2 M1
=2e¥ M1
5Sb.
Whenx=0,y=2e’=2 Ml
Asymptotes at x =1, y =0 M1 M1 AY | X= 1
I
0,2} |
_—/ |
>» X
|
Sc.
| Range: fg(x) >0 | M1
5d.
fl — 4x — 4x
dng(x) 2xe"x4=28e M1 M1
Betr=3
m_3 M1
© "%
4x = lng
1.3 M1
X = Z 1n§
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6a.

| Range: g(x) >3 | M1
6b.
gx)=3+vVx+2->x=3+,/y+2 M1
y=g'0)=(x-3)-2 Ml
Domain: x > 3 M1
6¢.
3tV tZ-x .
vx+2=x-3
x+2=(x-3)
X—6x+9-x-2=0
P-Tx-7=0 M1
7+421
x=
2
x>3, thereforex=7+T\/2_1 M1
6d.
A function and it’s inverse will be equal therefore, g(a) = g'!(a)
_7+421 M1
S
7a.
[f) ER [ M
7b.
gh)=3-HD=-1 M1
f(-1)=2(-1)+3 =1 M1
7c.
gx)=3-4x—>x=3-4y M1
4y=3—-x M1
1
y=1G-%
7d.
gg(x)=3-4B3-4x)=3-12+16x=16x-9 M1
[2()]?=0B-4x)’=(B -4x)(3 —4x) =9 + 16x* — 24x M1
16x—9 +9+ 16x* —24x=0 M1
16x>—8x=0
8x(2x-1)=0 M1
x=0
1 M1
x==
2
8a.
g >1 [ ™1
8b.
3(e*”) + In (e*) M1
=3e*" +x2 M1
8c.
| Range: fg(x) >3 | M1
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